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Doublon Dynamics of the Hubbard Model on Triangular Lattice
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We study the dynamics of doublon in the half-filled Hubbard model on the triangular lattice
by using the cellular dynamical mean field theory. Investigating the nearest-neighbor dynamical
correlations, we demonstrate that a nearest-neighbor doublon-holon pair shows a strong attraction,
in particular in the insulating phase. We also calculate the on-site dynamical correlation of doublon
and find that the life time of doublon is longer in the metallic phase than in the insulating phase.
In the long-time region, the metallic phase has persistent fluctuations in various nearest-neighbor
configurations, while the fluctuations are vanishingly small in the insulating phase. Obtained results
indicate clear differences of dynamics of doublon between in the metallic and in the insulating phases.
PACS numbers: 71.27.+a, 71.30.+h
Since the observation of the Mott metal-insulator tran-
sition in Cr-doped V2O3,
1 many properties of the Mott
transition have been studied from theoretical and exper-
imental aspects. Recent hot topics of the Mott transi-
tion include critical properties2–7 and dynamical char-
acteristics.8–14 It is well known that doublon (doubly
occupied site) plays the role of order parameter in the
Mott transition.15 Some theoretical groups have investi-
gated behaviors of doublons upon changing the electron
correlation near the Mott transition. Understanding of
its thermodynamic criticality has also made progress by
performing a scaling analysis of a singularity in dou-
blon density near the critical end point of the Mott
transition.2,5–7 Correlations between doulon and holon
(vacant site) have been also studied theoretically and it
was proposed that they form a bound state in the insulat-
ing phase and the Mott transition is characterized by its
binding and unbinding.16,17 To study dynamical proper-
ties in the Mott transition, dynamical spin or charge sus-
ceptibility8–11 and optical conductivity7,12–14 have been
calculated for the Hubbard models by using the dynam-
ical mean field theory (DMFT).18 A clear difference has
been reported for the spin and charge dynamics between
in the metallic and in the insulating phases. However,
the dynamics of doublons is not well understood. This is
the main issue of this paper and we will report our nu-
merical study on the dynamical properties of doublons in
the triangular-lattice Hubbard model.
Original Mott transition occurs inside the paramag-
netic phase at a finite temperature without magnetic
transition and its realization involves magnetic frustra-
tion. In this letter, we numerically study the dynamics
of doublons and holons in a frustrated Hubbard model.
Using cellular dynamical mean field theory (CDMFT),19
we calculate and examine their dynamical correlations.
To this end, we employ the half-filled triangular-lattice
Hubbard model. Its Hamiltonian reads as
H = −v
∑
〈i,j〉,σ
c†iσcjσ + U
∑
i
ni↑ni↓ − µ
∑
i,σ
niσ. (1)
In this model, the transition occurs inside the paramag-
netic region.20 Note that the nearest-neighbor hopping
integral is denoted by v and the symbol t is reserved
for time. U is the on-site Coulomb repulsion and the
chemical potential µ tunes electron density to half fill-
ing. c†iσ(ciσ) is an electron creation (annihilation) opera-
tor at site i with spin σ and electron density operator is
niσ = c
†
iσciσ. We use the CDMFT with a three-site tri-
angular cluster to calculate dynamical correlations. We
numerically obtain the single- and two-electron Green’s
functions inside the cluster by using the continuous-time
quantum Monte Carlo (CTQMC) solver based on the
strong coupling expansion.21
Dynamical correlations are defined for real time t by,
Sjoo′(t) = 〈oˆ1(t)oˆ
′
j(0)〉, (2)
where the average is calculated for thermal equilibrium
at temperature T . oˆj(oˆ
′
j) are operators at site j inside
the cluster of doublon density dˆj or holon density hˆj or
single-occupied density sˆj described as,
dˆj = nj↑nj↓, hˆj = (1− nj↑)(1− nj↓),
sˆj = 1− (dˆj + hˆj) = nj↑ + nj↓ − 2dˆj. (3)
In our results, we have checked that the three sites inside
the cluster are always all equivalent, and therefore it does
not loose generality to choose the site 1 for one quantity oˆ.
For the other quantity oˆ′, it is relevant only if the site j is
1 or not. The j=1 case corresponds to on-site correlations
and the j=2 case corresponds to nearest-neighbor corre-
lations, while the choice of j=3 is completely equivalent
to j=2. Note also that the dynamic correlations Sjoo′(t)
have generally complex values. Therefore, for their inter-
pretation, it is more convenient to see,
Γjoo′(t) = |S
j
oo′(t)| − |〈oˆ1〉〈oˆ
′
j〉|, (4)
rather than more conventional |Sjoo′(t) − 〈oˆ1〉〈oˆ
′
j〉|, since
it is real and its sign has meaning: Γjoo′(t)>0 means at-
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FIG. 1: (Color online) U -dependence of nearest-neighbor
equal-time correlations defined by eq. (5) at T=0.08. (Inset)
U -dependence of doublon density at T=0.08.
tractive correlation, and Γjoo′(t)<0 means repulsive cor-
relation.
The following is a brief sketch of numerical procedures.
In the CDMFT, we obtain the corresponding correlation
function for Matsubara frequency Sjoo′(iωn) by averaging
over 512 imaginary-time MC samples. We then perform
analytic continuation iωn→ω+i0 based on the maximum
entropy algorithm (MEM)22 to calculate real frequency
quantity Sjoo′(ω). We finally perform Fourier transforma-
tion to obtain Sjoo′(t). In what follows, we normalize ω,
t, U , and T by the energy unit v.
We start with confirming the finite-temperature Mott
transition in the parameter space of U and T . We
investigate the U -dependence of the doublon density,
d ≡ 1
Nc
∑
i〈dˆi〉, for various T ’s. Here, Nc = 3 is the clus-
ter size. Note that the half-filling condition determines
the densities of holon and singly occupied sites as h=d,
s=1−2d. The inset of Fig. 1 presents d(U) at T=0.08.
d(U) shows a jump and hysteresis, which is a characteris-
tic of the first-order Mott transition. At higher T=0.15,
d(U) shows no hysteresis and only a smooth change from
insulator to metal. Analyzing the singularity in d(U) at
various T ’s, we determine the U−T phase diagram and
this is consistent with the previous study.23 A line of
the first-order Mott transition terminates at the critical
end point, U∗∼9.4 and T ∗∼0.10. In the following, we
will investigate dynamics with decreasing U at the fixed
temperature T=0.08 < T ∗, where the first-order Mott
transition occurs at Uc=9.4.
We first examine the correlations between nearest-
neighbor sites, Γ2oo′(t). One important characteristics is
the equal-time values, t=0. We define their normalized
correlation by,
P oo
′
=
〈oˆ1oˆ
′
2〉
〈oˆ1〉〈oˆ′2〉
, (5)
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FIG. 2: (Color online) Nearest-neighbor dynamical correla-
tions at T=0.08 between (a) doublon and holon, (b) two dou-
blons, and (c) two holons.
where oˆ and oˆ′ are dˆ, hˆ, or sˆ. P oo
′
>1 means an at-
tractive equal-time correlation between nearest-neighbor
sites, while P oo
′
<1 means repulsive equal-time correla-
tion. The main panel of Fig. 1 shows their U -dependence
for typical combinations of configuration. The most im-
portant feature is a large value of P dh, and this mani-
fests a strong nearest-neighbor attraction between dou-
blon and holon. This attraction is noticeably enhanced
in the insulating phase. An opposite behavior is found
3in the correlation between two doublons, between two
holons, and between doublon and singly occupied site:
they are repulsive to each other. Their repulsions are
also enhanced in the insulating phase, but these enhance-
ments are not as large as the enhancement of doublon-
holon attraction. The difference between P hh and P dd is
due to the particle-hole asymmetry of the model, since
the lattice is not bipartite. It is natural that P dd>P hh,
because the low-energy density of states is larger for pos-
itive energy; i.e, adding electron is easier.
Dynamical correlations also exhibit clear differences
between in the metallic and in the insulating phases. Fig-
ures 2 (a), (b), and (c) show the dynamics of doublon-
holon pair, doublon pair, and holon pair, respectively, in
the metallic (U=8) and insulating (U=10.5) phases at
|U − Uc|∼1. The characteristic time scale in the short
time part is about t∼0.3 in all cases, and this time scale
is longer particularly for doublon-holon pair. The short-t
behavior of this doublon-holon pair is opposite to the
other two cases. The doublon-holon pair decays into
other configurations as t increases, and the correspond-
ing pair life time becomes longer in the insulating phase.
In contrast, the prohibited doublon pair and holon pair
starts to be dynamically formed with retardation. The
formation of doublon pair occurs faster in the metallic
phase than in the insulating phase, while the formation
of holon pair shows an opposite behavior.
Another important difference is long-t behavior. In the
insulating phase, the correlations for t>2 is very small,
almost vanishing. The behavior in the metallic phase is
in sharp contrast, and the correlations persist up to long
time t∼50−60. Moreover, we find that the t-dependence
at smaller U=8 shows many structures. These results
may be due to the larger charge fluctuation in the metal-
lic phase.
To examine these structures, we have also investigated
the complex S2oo′(t) and have found that the structure at
t∼0.3 corresponds to its position with phase pi or 0. To
see more details, we have checked the correlations in the
frequency domain S2oo′(ω) as we will analyze later for the
on-site doublon dynamics. There are some low-ω peaks,
in particular in the metallic phase, in addition to a broad
peak around ω=U . The broad peak around ω=U corre-
sponds to the incoherent dynamics by the excitations to
the Hubbard band and the short-t dynamics is predom-
inated by the contribution of the broad peak. On the
other hand, we have found that the low-ω peaks domi-
nate the long-t dynamics and are absent in the insulating
phase.
Next, we examine the variation of the on-site doublon
dynamics. As shown in Fig. 3 (a), Γ1dd(t) decreases with
time t for both of U=8 and 10.5. However, this decrease
is not monotonic, in particular at smaller U=8, which
indicates larger fluctuation of doublon. The relaxation
time towards Γ1dd(t)=0 is related with the doublon life-
time and we expect a longer life time in the metallic
phase than that in the insulating phase. The present re-
sult shows that the relaxation is slower in the long-t part
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FIG. 3: (Color online) On-site dynamical correlation of dou-
blon for two U ’s (a) Γ1
oo′
(t). (b) S1dd(ω) Inset: Diamonds show
calculated data in t and lines are the fitting results of three
peaks around ω=0 (“low”), ω∼1 (“mid”), and ω∼U (“high”)
at U=8. (c) U -dependence of the intensities of the three parts
of S1dd(ω) normalized by the total intensity.
4at U=8 than that at U=10.5 as expected. The interest-
ing characteristic is the two structures at t∼0.6 and 2,
in particular in the metallic phase. We investigate the
complex S1dd(t), and find that the structure at t∼0.6 cor-
responds to its position that the phase is close to pi/2
whereas that at t∼2 corresponds the position with the
phase pi.
We also calculate the correlation in the frequency do-
main, S1dd(ω), as shown in the main panel of Fig. 3 (b).
An important characteristic at U=8 is the three peaks
in S1dd(ω): one is the large broad peak around ω=U
(“high”), another is the very sharp peak around ω=0
(“low”), and the last is the small peak at ω∼1 (“mid”).
The broad peak around ω=U corresponds to the inco-
herent dynamics due to the excitations to the Hubbard
band, and this persists from the insulating to metallic
phase. The sharp peak around ω=0 is due to the dy-
namics of coherent quasiparticles. This one and the small
peak at ω∼1 disappear in the insulating phase, as shown
in the result at U=10.5. We estimate the intensity of the
three peaks Ilow,mid,high and examine their changes with
U . The high-ω broad and the ω∼0 sharp peaks are fitted
by Gaussian functions to define S
1,high(low)
dd (ω) and the
remaining part is denoted as S1,middd (ω). Ilow,mid,high are
the intensities of these three parts. We calculate their ra-
tio to the total intensity Itot, and the results are shown in
Fig. 3 (c). In the metallic phase, Ilow/Itot and Imid/Itot
decrease with increasing U , while Ihigh/Itot increases. At
the Mott transition point, all the three intensities show a
jump. For larger U in the insulating phase, only Ihigh/Itot
takes a noticeable value. We also calculate the real-time
correlations S1,low,mid,highdd (t) by the Fourier transforma-
tion and the results are shown in the inset of Fig. 3 (b).
One can see that the high-ω contribution is dominant
at short t. On the other hand, the long-t dynamics is
predonimated by only the low-ω part. We find that the
change from the short-t to the long-t behavior occurs
around t∼2.
In this letter, we have studied the dynamics of dou-
blons in the triangular-lattice Hubbard model at half fill-
ing by using the cellular dynamical mean field theory.
We have demonstrated that a nearest-neighbor doublon-
holon pair exhibits a strong attraction in the insulating
phase. The nearest-neighbor pairs of doublons, of holons,
and of doublon and single occupied site show a repulsive
correlation, but they do not show as large enhancement
as doublon-holon attraction. Calculating the on-site dou-
blon dynamics, we have found quantitatively that dou-
blons in the metallic phase have a longer life time than
that in the insulating phase. Our results of dynamical
correlations show clear differences between in the metal-
lic and in the insulating phases and demonstrate complex
dynamics of doublons in the metallic phase, which is as-
sociated with the several excitation process.
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